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Abstract
Every nth order monic polynomial corresponds n-dimensional vector.
If the given polynomial is stable that is all its roots lie in the open left half
plane it is said to be Hurwitz polynomial and the corresponding vector
is called stable vector. The set of stable vectors is non-convex. In this
paper, we define special (n+1) stable vectors such that their convex hull
is stable.
1 Introduction
Consider the following polynomial
a(s) = a1 + a2s+ ...+ ans
n−1 + sn (1.1)
The polynomial a(s) corresponds n-dimensional vector a = (a1, a2, ..., an)
T ∈
R
n, where the symbol “T” stands for the transpose, and the symbol Rn stands
for the n-dimensional real Euclidean space.
The polynomial (1.1) has n roots and if all roots s1, s2, ..., sn satisfy the condition
Re(si) < 0 (i = 1, 2, ..., n) then it is called (Hurwitz) stable [1, 2].
Define
Hn = {a = (a1, a2, . . . , an)
T ∈ Rn : a(s) is Hurwitz stable}.
It is well known that Hn ⊂ Rn+, where
R
n
+ = {x = (x1, x2, ..., xn)
T ∈ Rn : xi > 0, (i = 1, 2, ..., n)}.
1
This necessary condition is not sufficient. Indeed the polynomial
a(s) = s3 +
2
3
s2 +
1
6
s+
1
2
is not stable since has roots s = −1 and s = 1
6
± i
√
17
6
.
The convex hull of a finite number of points from Rn is called a polytope in
R
n.
The aim of this note is to define special polytopes in Hn. These polytopes
are defined as the convex hull of (n+ 1) points therefore they has a pyramidal
structure. On of these points is especially defined point from Hn, the remaining
n points belong to the boundary of the set Hn. Therefore the interiors of these
polytopes belong to Hn.
2 Polytopes in Hn
Second order polynomial s2+k1s+k2 is stable if and only if k1 > 0 and k2 > 0.
Let n be even,m = n
2
and α1, α2, ..., αm are different positive numbers satisfying
conditions αi ≥ 1, (i = 1, 2, ...,m). Consider the following nth order stable
polynomial
a0(s) = (s2 + α1s+ α1)(s
2 + α2s+ α2) · · · (s
2 + αms+ αm)
which corresponds to the stable point a0 ∈ Hn. Consider
a1(s) = (s2 + α1).(s
2 + α2s+ α2) · · · (s
2 + αms+ αm)
a2(s) = (s2 + α1s).(s
2 + α2s+ α2) · · · (s
2 + αms+ αm)
a3(s) = (s2 + α1s+ α1).(s
2 + α2) · · · (s
2 + αms+ αm)
a4(s) = (s2 + α1s+ α1).(s
2 + α2s) · · · (s
2 + αms+ αm)
...
an(s) = (s2 + α1s+ α1).(s
2 + α2s+ α2) · · · (s
2 + αms)
We set
P = conv{a0, a1, . . . , an} ⊂ Rn. (2.1)
Theorem 1. The interior of the polytope P (2.1) belongs to Hn that is the
interior points of the polytope P are stable.
Proof. We will show that:
If both i and j are even (1 ≤ i, j ≤ n, i 6= j) then the segment [ai(s), ai(s)]
completely belongs to the stability boundary. If at least one of the numbers i
and j is odd then the open segment (ai(s), ai(s)) is stable. On the other hand
the segments [a0(s), ai(s)] (1 ≤ i ≤ n) are stable by construction.
2
Given two polynomials ai(s) and aj(s)) (1 ≤ i, j ≤ n, i 6= j), (m − 2)
second order factors of these polynomials are the same. Therefore it is sufficient
to investigate the stability property of the following fourth order polynomial
polytope conv{b1, b2, b3, b4}, where
b1(s) = (s2 + α)(s2 + βs+ β),
b2(s) = (s2 + αs)(s2 + βs+ β),
b3(s) = (s2 + αs+ α)(s2 + β),
b4(s) = (s2 + αs+ α)(s2 + βs),
and α ≥ 1, β ≥ 1, α 6= β.
Stability of the segments (b1(s), b2(s)) and (b3(s), b4(s)) are obvious.
Stability of (b1(s), b3(s)): We have
b1(s) = s4 + βs3 + (α+ β)s2 + αβs + αβ,
b3(s) = s4 + αs3 + (α+ β)s2 + αβs + αβ.
For λ ∈ (0, 1) the convex combination polynomial is
λb1(s) + (1− λ)b2(s) = s4 + [λβ + (1− λ)α]s3 + (α+ β)s2 + αβs+ αβ.
Recall that the fourth order monic polynomial b1 + b2s+ b3s
2 + b4s
3 + s4 with
positive coefficients is stable if and only if
b2 · b3 · b4 − b1 · b
2
4 − b
2
2 > 0.
Therefore for the above convex combination we have
λb1(s) + (1− λ)b2(s) = αβ(α + β)[λ(β − α) + α]− αβ[λ(β − α) + α]2 − (αβ)2
= αβ[λ(β2 − α2) + α2 + αβ − λ2(β − α)2 − 2λα(β − α) − α2 − αβ]
= αβλ(β − α)[α+ β − λ(β − α)− 2α]
= λ(1 − λ)αβ(β − α)2 > 0.
Stability of (b1(s), b4(s)):
λb1(s) + (1− λ)b4(s) = s4 + (−λα+ α+ β)s3 + (−λαβ + λβ + αβ + α)s2 + αβs+ λαβ
and
b2 · b3 · b4 − b1 · b
2
4 − b
2
2 = (α
2β)(1 − λ)(αβ − λαβ + α− λα+ β2 − λβ + λ2α >
(α2β)(1 − λ)[(1 − λ)αβ + α(1− λ) + λ2α+ β(1 − λ)] > 0
We have used the inequality β2 > β which is a consequence of the condition
β > 1.
Stability of (b2(s), b3(s)) follows from the stability proof of the segment (b1(s), b4(s)).
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Now consider the segment [b2(s), b4(s)]. We show that for any λ ∈ [0, 1] the poly-
nomial λb2(s) + (1 − λ)b4(s) has one root s = 0, whereas the remaining three
roots as stable. Indeed,
b2(s) = s(s+ α)(s2 + βs+ β) = s[s3 + (α+ β)s2 + (αβ + β)s+ αβ],
b4(s) = s(s+ β)(s2 + αs+ α) = s[s3 + (α+ β)s2 + (αβ + α)s+ αβ],
λb2(s) + (1− λ)b4(s) = s[s3 + (α+ β)s2 + ((1− λ)α + λβ + αβ)s + αβ]
Recall that the third order monic polynomial b1 + b2s+ b3s
2 + s3 with positive
coefficients is stable if and only if
b2b3 − b1 > 0.
For the above third order polynomial in the bracket we have
b2b3 − b1 = [(1− λ)α + λβ + αβ](α + β)− αβ
= [(1− λ)α + λβ](α + β) + αβ(α + β − 1) > 0
(We have used the conditions α > 1 and β > 1). Consequently all three roots
of this polynomial are stable and the fourth root is s = 0 which belongs to the
stability boundary.
In conclusion, the polytope P (2.1) has the following properties:
- The segments [a0(s), ai(s)], where i = 1, 2, ..., n, are stable by the con-
struction.
- If at least one of numbers i and j is odd then the open segment (ai(s), aj(s))
is stable.
- If both i and j are even (i < j) then the segment [ai(s), aj(s)] is placed
on the stability boundary.
By the Edge Theorem the inner points of the polytope P are stable [3, 4].
Now assume than n is odd and n = 2m + 1. As in the case when n is
even, choose arbitrary different numbers α1, α2, ..., αm, αm+1 with αi ≥ 1 (i =
1, 2, ...,m+ 1). Consider the following nth order stable polynomial
a0(s) = (s2 + α1s+ α1) · · · (s
2 + αms+ αm)(s+ αm+1)
Define the following n polynomials from the stability boundary
a1(s) = (s2 + α1).(s
2 + α2s+ α2) · · · (s
2 + αms+ αm)(s+ αm+1)
a2(s) = (s2 + α1s).(s
2 + α2s+ α2) · · · (s
2 + αms+ αm)(s+ αm+1)
...
an−2(s) = (s2 + α1s+ α1) · · · (s
2 + αm)(s+ αm+1)
an−1(s) = (s2 + α1s+ α1) · · · (s
2 + αms)(s+ αm+1)
an(s) = (s2 + α1s+ α1) · · · (s
2 + αms+ αm)s
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and the polytope
P = conv{a0, a1, . . . , an}. (2.2)
Theorem 2. The interior points of the polytope P (2.2) are stable.
Proof. - The segments [a0(s), ai(s)), (i = 1, 2, ..., n) are stable by the construc-
tion.
-The segments [ai(s), aj(s)], where i and j are even and 2 ≤ i, j ≤ n − 1, are
placed on the stability boundary (see the segment [b1(s), b4(s)]from the proof of
Theorem 1 ).
- If 1 ≤ i, j ≤ n− 1 and least one of numbers i and j is odd then the stability
of (ai(s), aj(s)) can be proven by the analogy with the proof of Theorem 1.
Consider the polytope conv{c1(s), c2(s), c3(s)}, where
c1(s) = (s2 + α)(s+ β)
c2(s) = (s2 + αs)(s+ β)
c3(s) = (s2 + αs+ α)s
This polytope has three edges. The edge (c1(s), c2(s)) is stable.
Stability of (c1(s), c3(s)):
c1(s) = s3 + βs2 + αs+ αβ,
c3(s) = s3 + αs2 + αs,
λc1(s) + (1− λ)c3(s) = s3 + [λβ + (1 − λ)α] + αs+ λαβ
and
[λβ + (1 − λ)α]α − λαβ = (1− λ)α2 > 0,
and the segment (c1(s), c3(s)) is stable.
The segment (c2(s), c3(s)) is placed on the stability boundary since it has the
root s = 0 and two stable roots.
Consequently, all edges of the polytope P (2.2) are stable or placed on the
stability boundary. By the Edge Theorem in interior points of this polytope are
stable.
References
[1] B.R. Barmish, (1994). New Tools for Robustness of Linear Systems. New
York, Macmillan Publishing Company.
[2] S.P. Bhattacharyya, H. Chapellat and L.H. Keel, (1995). Robust Control:
The Parametric Approach. New Jersey, Prentice-Hall.
[3] A.C. Barlett, C.V. Hollot, L. Huang, Root Locations of an entire poly-
tope of polynomials: It suffices to cehck the edges,Mathematics of Control,
Signals and Systems, vol. 1, pp. 61-71, 1988.
5
[4] U¨. Nurges, New stability conditions via reflection coefficients of polynomi-
als,IEEE Transactions on Automatic Control, vol. 50, no. 9, pp.1354-1360,
2005.
6
